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We present the Born-Markov approximated Redfield quantum master equation (RQME) descrip-
tion for an open system of non-interacting particles (bosons or fermions) on an arbitrary lattice
of N sites in any dimension and weakly connected to multiple reservoirs at different temperatures
and chemical potentials. The RQME can be reduced to the Lindblad equation, of various forms,
by making further approximations. By studying the N = 2 case, we show that RQME gives results
which agree with exact analytical results for steady state properties and with exact numerics for
time-dependent properties, over a wide range of parameters. In comparison, the Lindblad equa-
tions have a limited domain of validity in non-equilibrium. We conclude that it is indeed justified
to use microscopically derived full RQME to go beyond the limitations of Lindblad equations in
out-of-equilibrium systems. We also derive closed form analytical results for out-of-equilibrium time
dynamics of two-point correlation functions. These results explicitly show the approach to steady
state and thermalization. These results are experimentally relevant for cold atoms, cavity QED and
far-from-equilibrium quantum dot experiments.
PACS numbers:
I. INTRODUCTION
Understanding out-of-equilibrium quantum systems,
both bosonic and fermionic has been of great experimen-
tal and theoretical interest recently. Such open quantum
systems have been realized both in the bosonic (exper-
iments on cavity-QED arrays [1–4], cold atoms [5, 6],
cavity optomechanics [7, 8]) and fermionic case (non-
equilibrium transport in coupled quantum dots [1, 9–
12], cold atoms [13]). A typical setup of interest (see
Fig. 1) is a system of small number of bosonic (fermionic)
degrees of freedom coupled to a bosonic (fermionic)
bath/environment composed of large number of degrees
of freedom. The general case can be defined as a scenario
in which each degree of freedom of the sub-system is cou-
pled to a bath characterized by a temperature (T = 1/β)
and a chemical potential (µ). New cutting edge technolo-
gies available recently for measuring physical quantities
such as occupation number, currents and correlations in
such systems makes it of paramount importance to de-
velop an approach that produces accurate results. Addi-
tionally, these open quantum systems are widely tunable
thereby providing a large window of parameters to test
validity of different approaches.
One of the most commonly-used frameworks in the
study of open quantum systems in the limit of weak
system-bath coupling is the quantum master equation
(QME) method, where one writes a time-evolution equa-
tion for the reduced density matrix ρ of the system. Two
QMEs’ that are popular in the literature are the Red-
field [14] and the Lindblad equations [15, 16]. The Red-
field equations (RQME) are obtained under the so-called
Born-Markov approximation (see later). After further
FIG. 1: (color online) (Top) A schematic of the setup we consider.
We have a system of “N” lattice sites with non-interacting parti-
cles on them. Each site of the system is coupled to its respective
bath of a chosen temperature and chemical potential. Baths out of
equilibrium can facilitate transport. The above diagram is general
for bosonic or fermionic case and such situations have been real-
ized experimentally in setups such as given in middle and bottom
figures.
approximations, and depending on the nature of these,
we get either the local coordiante basis (site-basis) Lind-
blad QME (LLQME) or the eigenfunction basis Lindblad
QME (ELQME). An advantage of the Lindblad equa-
tions is that they have been proven to preserve posi-
tivity of ρ. Hence they are widely used in the liter-
ature [17–29]. However, both Lindblad equations are
known to have limitations. The local basis Lindblad
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2does not give the correct thermalization [27, 28] for non-
interacting bosons/fermions, while the eigenbasis Lind-
blad gives zero particle current inside the system even in
the non-equilibrium steady state (NESS) [27, 29].
The RQME provides an alternative. It has been previ-
ously used to find NESS properties in open quantum har-
monic chains, spin chains and fermionic lattices [31–39].
RQME is known to give thermalization, but is more diffi-
cult to solve, both numerically and analytically. Also, it
does not guarantee the complete positivity of the system
density matrix at all times. This may lead to various sub-
tle pathologies depending on initial conditions, as shown
in some recent works [40, 41]. The Lindblad equations,
on the other hand, are free from these pathologies.
Because of such inherent pathologies and limitations
stemming from the approximations, it is important to
check performance of the approximate QMEs against ex-
act results. Results from RQME, Lindblad QMEs and
exact calculations have been recently compared for a sin-
gle oscillator in NESS [42] and for a two site bosonic
problem in equilibrium [43]. To our knowledge, rigor-
ous checks have not been performed for multiple sites in
non-equilibrium.
In this manuscript, we ask the question whether it is
justified to adopt RQME to go beyond the limitations
of the Lindblad methods in non-equilibrium systems. To
this end, first, for an out-of-equilibrium system of non-
interacting bosons/fermions in an arbitrary lattice of N
sites in any dimension, we derive a closed set of linear
differential equations for two-point correlation functions
from RQME. Such closed set of linear differential equa-
tions can be easily solved numerically. This, therefore,
gives a numerical way to compute physical results for
such out-of-equilibrium systems from RQME. Next, to
check validity of such solutions, we compute physical
quantities of interest from RQME for a system of two
bosonic/fermionic modes connected to two baths at dif-
ferent temperatures and chemical potentials (i.e, out-of-
equilibrium) and compare them against exact results ob-
tained from other open system approaches, such as the
quantum Langevin method (QLE), where exact equa-
tions for system degrees of freedom admit the form of
an effective generalized ‘Langevin equation’, and equa-
tion of motion (EOM) method [44–47]. We find that
RQME indeed reproduces the exact results quite accu-
rately. We also provide closed form analytical results for
out-of-equilibrium time dynamics of two-point correla-
tion functions for the two site problem. Throughout the
paper, ~ is taken to be unity.
The plan of the paper is as follows. In Sec. (II) we
define the general model and give a derivation of the
Redfield QME. In Sec. (III) we consider a two site exam-
ple and compare results obtained from different QMEs’
with exact results. Finally we summarize our results in
Sec. (IV).
II. THE MODEL AND THE REDFIELD QME
(RQME)
Definition of model: We consider non-interacting
bosonic (fermionic) particles on a lattice of N sites in ar-
bitrary dimension and of arbitrary geometry where each
site is coupled to bosonic (fermionic) baths. The bath
Hamiltonian, HˆB , as well as the coupling between sys-
tem and baths, HˆSB , are taken to be bilinear. The full
Hamiltonian thus takes the form
Hˆ = HˆS + HˆB + HˆSB , where
HˆS =
N∑
`=1
H
(S)
`m aˆ
†
` aˆm , HˆB =
N∑
`=1
∞∑
r=1
Ω`rBˆ
`†
r Bˆ
`
r ,
HˆSB = ε
N∑
`=1
∑
r
(κ`rBˆ
`†
r aˆ` + κ
∗
`raˆ
†
`Bˆ
`
r) , (1)
where H(S) is a Hermitian matrix and aˆ` correspond
to bosonic (fermionic) annihilation operators defined re-
spectively on `th lattice point of system and Bˆ`r to those
of baths attached to the `th point. The baths have in-
finite degrees of freedom. ε is a parameter that controls
system bath coupling and has dimensions of energy, so
that {κ`r} are dimensionless and O(1). We assume that,
initially, each of the ` baths is at thermal equilibrium
at its own inverse temperature β` and chemical potential
µ`, and there is no coupling between system and baths.
Thus, the initial bath correlation functions satisfy the
thermal properties :
〈Bˆ`r〉 = 0, < Bˆ`†r Bˆ`s >B= n`(Ω`r)δrs , (2)
where n`(ω) = [e
β`(ω−µ`) ± 1]−1 is the fermionic or
bosonic distribution function. We also introduce the bath
spectral functions:
J`(ω) = 2pi
∑
r
| κ`r |2 δ(ω − Ω`r) . (3)
Redfield QME: In the Redfield approach, one as-
sumes weak system-bath coupling limit. Performing the
Born-Markov approximation leads to the standard Red-
field equation [48, 49]. For bilinear system-bath coupling
HˆSB =
∑
` Sˆ`Bˆ` where Sˆ` operates on system and Bˆ`
operates on bath, system-bath coupling being turned on
at time t = 0, we have the master equation
∂ρI
∂t
= −
∑
`,m
∫ t
0
dt′
{
[SˆI` (t), Sˆ
I
m(t
′)ρI(t)]〈BˆI` (t)BˆIm(t′)〉B
+ [ρI(t)SˆIm(t
′), SˆI` (t)]〈BˆIm(t′)BˆI` (t)〉B
}
, (4)
where we use the interaction representation OˆI(t) =
ei(HˆS+HˆB)tOˆe−i(HˆS+HˆB)t and 〈...〉B refers to the aver-
age taken only with respect to bath. In order to obtain
the explicit QME for our model, it is convenient to go to
3the eigenbasis of the system Hamiltonian. Let c be the
unitary matrix which diagonalizes H(S), i.e.,
c†H(S)c = ω(D) , (5)
where c†c = I and ω(D) is diagonal matrix with elements
ων . Then we also define new operators {Aα} through the
transformation
aˆ` =
N∑
α=1
c`αAˆα . (6)
Thus Aˆα is the annihilation operator for the αth eigen-
mode with energy ωα. For RQME to be valid, we choose
ε  {ωα}. After some tedious algebra (see Appendix),
we obtain our QME for the reduced density matrix ρ of
the system:
∂ρ
∂t
= i[ρ,HS ]
− ε2
N∑
α,ν=1
∫
dω
pi
[ ∫ ∞
0
dτei(ω−ων)τL(Aˆ†α, Aˆν ;ω)ρ+ h.c.
]
,
where (7)
L(Aˆ†α, Aˆν ;ω)ρ = (fαν(ω)∓ Fαν(ω))[Aˆ†α, Aˆνρ]
+ Fαν(ω)[ρAˆν , Aˆ
†
α],
fαν(ω) =
N∑
`=1
c∗`αc`ν
J`(ω)
2
, Fαν(ω) =
N∑
`=1
c∗`αc`ν
J`(ω)n`(ω)
2
.
Here the integration over ω is over all bath energy levels.
Also we have taken observation times t  τB , where τB
is the characteristic relaxation time scale of the bath.
For baths with wide bandwidth and at low temperature,
τB ∼ β(see Appendix). Similar RQME was dervied in
Ref. [31, 32] for slightly different systems.
Equations for correlation functions: We note that
it is possible to obtain closed time-depedent equations
for the full set of two point correlations Cαν(t) =
Tr(ρ(t)Aˆ†αAˆν) . The evolution equation for Cαν(t) as
obtained from the QME is :
dCαν
dt
= iωαCαν(t) + ε
2
[
Fνα(ωα)− iF∆να(ωα)
−
N∑
σ=1
Cασ(t)vνσ
]
+ (α↔ ν)† , where
vαν = fαν(ων)− if∆αν(ων) , (8)
with f∆αν(ω) = P
∫ dω′fαν(ω′)
pi(ω′−ω) , F
∆
αν(ω) = P
∫ dω′Fαν(ω′)
pi(ω′−ω) ,
where P denotes principal value.
The Redfield equation is, in general, quite difficult to
solve. That is one of the main reasons for reduction of
Redfield equation to Lindblad forms, for which various
numerical techniques are available. However, note that
Eq. 8 forms a closed set of linear differential equations
which can be easily solved numerically. Various physi-
cal quantities of interest such as occupation density and
particle current can be obtained from these correlation
functions. The main pre-requisite for solving Eq. 8 is
diagonalization of the system Hamiltonian to go to the
eigenbasis. For a non-interacting bosonic/fermionic sys-
tem of N sites in arbitrary lattices, this only requires
diagonalization of the N × N matrix H(S). If there are
no further symmetries in the system, one needs all the
N2 two-point correlation functions to close the set of lin-
ear differential equations, and hence needs to deal with
N2 × N2 matrices. Thus, Eq. 8 gives a numerical way
to directly calculate time-dynamics of out-of-equilibrium
two-point correlation functions in an arbitrary system of
non-interacting particles in a lattice. In the rest of the
manuscript we will be testing the validity of solutions of
Eq. 8.
III. N = 2 CASE: COMPARISON BETWEEN
QME AND EXACT RESULTS
The solution of Eq. 8 gives two point correlation func-
tions for the N site non-interacting bosons/fermions in
non-equlibrium in any dimension. We propose to check
the validity of such solutions. To do so, we now go to a
specific simple problem with N = 2 sites and check how
good Eq. 8 does when compared to exact results.
We consider the following specific two-site system cou-
pled to baths which are one-dimensional chains:
HˆS = ω0(aˆ†1aˆ1 + aˆ†2aˆ2) + g(aˆ†1aˆ2 + aˆ†2aˆ1) ,
Hˆ(`)B = tB(
∞∑
s=1
bˆ`†s bˆ
`
s+1 + h.c.), HˆB = Hˆ(1)B + Hˆ(2)B ,
HˆSB = εγ1(aˆ†1bˆ11 + h.c.) + εγ2(aˆ†2bˆ21 + h.c.) , (9)
where the operators are either all bosonic or all fermionic
and bˆ`s is the annihilation operator of the sth bath site of
the `th bath. The eigenmodes of the system are given by
Aˆ1 = (aˆ1 − aˆ2)/
√
2, Aˆ2 = (aˆ1 + aˆ2)/
√
2 with eigenvalues
ω1 = ω0 − g, ω2 = ω0 + g. We assume ω0  ε, so
that QME can be applied, while the parameter g can
be varied freely. The bath spectral functions, defined in
Eq. 3, can be obtained explicitly by going to eigenmodes
of the baths and are given by [47] (see Appendix).
J`(ω) =
2γ2`
tB
√
1−
(
ω
2tB
)2
. (10)
In the following sections we first give some details of
the exact approaches to obtain steady state [Sec. (III A)]
and time-dynamics [Sec. (III B), then present some an-
alytic results from RQME [Sec. (III C)], discuss the re-
duction to the Lindblad form [Sec. (III D)] and finally
present the comparisions between the various methods
[Sec.(III E)].
4A. Exact results : steady state via Quantum
Langevin Equation (QLE)
Exact steady state properties of the system can be
found using QLE, as done in Ref [45–47]. We briefly
outline the procedure for computing physical quantities
from the QLE method for the 2-site case with Hamil-
tonian given by Eq. 9. We first go to the eigenmodes
of the bath by doing a unitary transformation. So,
Hˆ(`)B = tB(
∑∞
s=1 bˆ
`†
s bˆ
`
s+1 + h.c.) =
∑∞
r=1 Ω
`
rBˆ
`†
r Bˆ
`
r where
bˆ`s =
∑
r U
`∗
rs Bˆ
`
r and U is a unitary matrix that diago-
nalizes Hˆ(`)B . Bˆ`r is annihilation operator of the eigen-
mode with eigenvalue Ω`r. The bath eigenmodes sat-
isfy the initial bath correlation functions: 〈Bˆ`r〉 = 0 and
〈Bˆ`†r Bˆ`s〉 = n`(Ω`r)δrs. We then have κ`r = γ`U `∗r1 . The
equation of motion (EOM) for the system and the bath
are
dBˆ`r
dt
= −i[Bˆ`r, Hˆ] = −i(Ω`rBˆ`r + εκ∗`raˆ`) , (11)
daˆ1
dt
= −i(ω0aˆ1 + gaˆ2 +
∑
r
εκ1rBˆ
(1)
r )
(1↔ 2) . (12)
The equation for the bath (Eq. 11) can be formally solved
to obtain :
Bˆ`r(t) = Bˆ
`
r(0)e
−iΩ`rt − iεκ∗`r
∫ t
0
dt′aˆ`(t′)e−iΩ
`
r(t−t′) .
(13)
Using this in Eq. 12, we obtain the quantum Langevin
equation (QLE)
daˆ1
dt
= −i(ω0aˆ1 + gaˆ2)− iεξˆ1 − ε2
∫ t
0
dt′aˆ1(t′)α1(t− t′),
(1↔ 2) , (14)
where
ξˆ`(t) =
∑
r
κ`rBˆ
`
r(0)e
−iΩ`rt , (15)
α`(t− t′) =
∫
dω
2pi
J`(ω)e
−iω(t−t′) , (16)
represent ‘noise’ and ‘dissipation’ respectively and J`(ω)
are the bath spectral functions as defined in Eq. 3. Using
the bath correlations, we obtain
〈ξˆ†` (t′)ξˆ`(t)〉 =
∫
dω
2pi
J`(ω)n`(ω)e
−iω(t−t′) . (17)
Note that even though Eq. 14 has the form of a gen-
eralized Langevin equation, it is completely exact. The
‘noise’ and ‘dissipation’ that appear in the QLE arise
from exact treatment of the bath. The steady state re-
sults can be easily found from Eq. 14 by taking t → ∞
and doing Fourier transforms. The NESS current and
occupation obtained are given by
I =g2ε2
∫
dω
2pi
J1(ω)J2(ω)
[
n1(ω)− n2(ω)
]
| M(ω) |2 , (18)
〈aˆ†1aˆ1〉 =ε
∫
dω
2pi
[K(ω)J1(ω)n1(ω)
| M(ω) |2 +
g2J2(ω)n2(ω)
| M(ω) |2
]
,
(19)
where
∆`(ω) = P
∫
dω′
2pi
J`(ω
′)
ω − ω′ ,
M(ω) =
[(
ω0 − ω − iε2 J1(ω)
2
+ ε2∆1(ω)
)
(
ω0 − ω − iε2 J2(ω)
2
+ ε2∆2(ω)
)− g2] ,
K(ω) =
∣∣∣∣ω0 − ω − iε2 J2(ω)2 + ε2∆2(ω)
∣∣∣∣2 . (20)
The occupation of the second site is just < a†2a2 >=
1 ↔ 2 in Eq. (19). All integrals over ω go over all pos-
sible values of ω. Note that Eq. (18),(19) are exact re-
sults without any approximation. However, they are not
closed form results and involve some complicated inte-
grals. Also, obtaining exact transient behaviour by this
method is difficult. But transient behaviour can be easily
obtained by exact numerics.
B. Exact results : time dynamics via system+bath
numerics
To check the time dynamics we do numerical simula-
tions. For this purpose, we choose a bath of finite size and
evolve the full system+bath Hamiltonian Hˆ using unitary
Hamiltonian dynamics. Let us collectively denote by “d”
a column vector with all annihilation operators of both
system and baths. The full Hamiltonian can be written
as
ˆˆH = ∑i,j Hijd†idj where i now refers to either system
or bath sites. If D = 〈dd†〉 denotes the full correlation
matrix of system and baths, its time evolution is given
by D(t) = eiHtDe−iHt. In our simulations we considered
the system described by Eq. (9) of two sites connected to
baths each with 511 sites which are large enough to show
negligible finite size effects.
C. Correlation functions from RQME
1. Sysmmetric coupling to baths : γ1 = γ2: Full solution :
In Eq. 8, this corresponds to the special case of all sys-
tem bath couplings being equal, i.e, when, J`(ω) = J(ω).
Under this condition Eq. 8 can be solved exactly using the
fact that fνσ(ω) = [J(ω)/2]
∑N
r=1 c
∗
`νc`σ = [J(ω)/2]δνσ
due to orthonormality of the eigenfunctions. Thus, vνσ =
50 ∀ ν 6= σ. Then Eq. 8 admits the exact solution :
Cαν(t) = Cαν(0)e
−wανt + ε2
u∗αν + uνα
wαν
(1− e−wανt)
(21)
where wαν = −iωα+ε2(−if∆αα(ωα)+fαα(ωα))+(α→ ν)∗
and uνα = Fνα(ωα) − iF∆να(ωα). Note that the baths
can still be at different temperatures and chemical po-
tentials. So in this case, we have full time-dependent
analytical closed form results for out of equilibrium cor-
relation functions that hold for all values of g.
2. Asymmetric couplings to baths : γ1 6= γ2, g  ε2tB :
Closed form analytical results are difficult to obtain
for all g when γ1 6= γ2. But for g  ε2tB , the analytical
closed form for time dynamics can be found by solving
Eq. 8 perturbatively upto leading order in ε. The results
are:
Nα(t) ' Nα(0)e−2ε2fαα(ωα)t + Fαα(ωα)
fαα(ωα)
(1− e−2ε2fαα(ωα)t)
(22a)
C12(t) ' C12(0)e−w12t + iε
2
g
[
(F12(ω2)
− iF∆12(ω2))(1− e−w12t) + v21(N1(0)e−w12t −N1(t))
+ (1↔ 2)∗
]
(22b)
where Nα(t) = Cαα(t), and w12 = −iω1 +ε2(−if∆11(ω1)+
f11(ω1)) + (1→ 2)∗.
Note that, since we have already assumed t  τB ,
the transient dynamics given by above equations can
only be trusted if relaxation time of the system is much
larger than τB , viz., τB  1/[ε2fαα(ωα)] ∼ tBε2 , since
fαα(ωα) ∼ tB , from Eq. 10, Eq. 7 . Since fαα(ωα) > 0,
it can be seen from Eqs. 21,22a,22b that the corre-
lation functions approach steady state values at time
t  1/[ε2fαα(ωα)] ∼ tBε2 , and the steady state values
are independent of the initial state. So we can easily get
steady state values of mode occupation Nssα and current
between 1st and 2nd site I1→2 = −g i〈aˆ†1aˆ2 − aˆ†2aˆ1〉 =
g i〈Aˆ†1Aˆ2 − Aˆ†2Aˆ1〉 = 2g Im(C12) :
Nssα '
J1(ωα)n1(ωα) + J2(ωα)n2(ωα)
J1(ωα) + J2(ωα)
(23a)
I1→2 ' ε
2
2
2∑
α=1
J1(ωα)J2(ωα)
[
n1(ωα)− n2(ωα)
]
J1(ωα) + J2(ωα)
(23b)
It is seen from the steady state equations that in equilib-
rium, i.e, when n1(ω) = n2(ω) = n(ω), Nα = n(ω) and
current is zero, which are the expected thermal values.
Thus RQME shows proper thermalization and approach
to steady state.
D. Reduction to Lindblad form
The RQME is not in the Lindblad form. But it can
be reduced to the Lindblad form by making certain fur-
ther approximations. There are two popular forms of the
Lindblad equations using either the local operators a` or
the eigenbasis operators Aν [Eq. 6]. We briefly discuss
how they are obtained and their expected regimes of va-
lidity.
1. Local Lindblad QME (LLQME) ( g < ε)
The local Lindblad equation for this system has the
form ∂ρ/∂t = i[ρ, HˆS ] + ε2
(
LLL1 ρ+ LLL2 ρ
)
where
LLL` ρ =J(ω0)eβ`(ω0−µ`)n(ω0)(aˆ`ρaˆ†` −
1
2
{aˆ†` aˆ`, ρ})
+ J(ω0)n(ω0)(aˆ
†
`ρaˆ` −
1
2
{aˆ`aˆ†`, ρ}) (24)
For g < ε, RQME Eq. 7 can be reduced to LLQME by
expanding the non-unitary dissipative part about g = 0
and keeping the first term. This is because, the dissipa-
tive part is already O(ε2), and since g < ε, higher order
terms in g will give higher order terms in ε, which we
neglect in RQME treatment. This amounts to putting
ων = ω0 in the dissipative part of Eq. 7. The same result
is more conventionally obtained by considering the inter-
site hopping term in the system Hamiltonian to be small
and treating it as a part of the system-bath Hamilto-
nian while deriving the QME. This directly leads to the
LLQME. Thus LLQME is valid when g < ε. LLQME
results for current and occupation for this problem have
been derived in various papers [24, 25]. The equilibrium
condition Nα = n(ω) is not obtained from LLQME, since
for g < ε, each site interacts with its bath more strongly
than with the other site, thereby thermalizing with its
own bath. It clearly follows that if there was only one
site, it would show thermalization. Thus the regime of
validity of LLQME is too restrictive to show thermal-
ization for a system with more than one non-interacting
degrees of freedom.
However, in interacting systems, it has been recently
shown that even LLQME is capable of showing themal-
ization [30].
2. Eigenbasis Lindblad QME (ELQME)
( g  ε2
tB
, Css12 = 0 )
The eigenbasis Lindblad equation for this system has
the form ∂ρ∂t = i[ρ, HˆS ] + ε2
(
LEL1 ρ+ LEL2 ρ
)
where
LELα ρ =(fαα(ωα)∓ Fαα(ωα))(2AˆαρAˆ†α − {Aˆ†αAˆα, ρ})
+ Fαα(ωα)(2Aˆ
†
αρAˆα − {AˆαAˆ†α, ρ}) (25)
6Eq. 7 is reduced to ELQME under rotating wave / secu-
lar approximation [50, 51], which amounts to neglecting
α 6= ν terms in the sum in Eq. 7. The rotating wave
approximation assumes that the observation time t 1g .
On the other hand, to give the correct steady state, the
QME must be valid for times shorter that time taken to
reach steady state. This means that we need the QME
to be valid at times t <∼ tBε2 , since we have already seen
that the time taken to reach steady state ∼ tBε2 . The two
conditions are valid together if g  ε2tB . This seems like
a rather weak condition.
However we note that, while these are the necessary
conditions for obtaining ELQME, there is no guaran-
tee that the resulting ELQME reproduces all physical
observables accurately. In particular, neglecting α 6= ν
terms in the sum in Eq. 7 means ELQME has no terms
connecting Aˆ1, Aˆ2. Therefore it gives C
ss
12 = 0, where
Css12 is the steady state value of C12. This condition is of
course valid only in equilibrium, where there is no cur-
rent. Thus though rotating wave / secular approximation
is a good approximation for equilibrium properties, it is
a bad approximation in non-equilibrium. This point has
also been succinctly discussed in a recent work [29].
However, ELQME still can be used to correctly obtain
some non-eqilibrium results. For example, for g  ε2tB
ELQME gives the same equation for Nα as Eq. 22a, 23a.
This result then can be used to obtain the correct cur-
rent between the left bath and the system [18, 28]. Thus
ELQME suffers from a drawback that one is only able to
compute the net current flowing between the two reser-
voirs in the NESS but not the current distributions in
the system (e.g current flowing along two arms in a ring
geometry). This also indicates a physical inconsistency
of the ELQME formalism in non-equilibrium (see Ap-
pendix).
E. Comparison of results from various methods
and discussions
Finally we now present a detailed comparision of re-
sults obtained using the various approaches, for both
steady state and time-dependent properties. For the
two site problem we consider the bosonic and fermionic
versions and compute quantities such as the occupation
number and particle current from site 1 to site 2. We
again summarize the various approaches that we use:
(i) For steady state properties, these are exactly com-
puted using Eqs. 18,19 following from the QLE approach.
(ii) Exact time dependent properties are obtained from
the numerical approach discussed in Sec. (III B).
(iii) The equations for correlation functions, Eqs. 8, are
solved to obtain the predictions of RQME. We also eval-
uate the perturbative solution of these equations given in
Eqs. 22a,22b.
(iv) One can also write the equations for two-point
correlations obtained from the Lindblad approach, and
these are solved to obtain the predictions from LLQME.
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FIG. 2: (color online) Bosonic model-steady state properties:
the figure shows (a) particle current, (b) the occupation num-
ber in the left site, as a function of inter-site hopping g for the
2 site boson problem. RQME shows near perfect agreement
with exact results from QLE for all values of g, while LLQME
and perturbation results [Eqs. 23a,23b] are valid in their re-
spective limits. The vertical line marks the position of g = ε,
below which LLQME is valid. The parameter Γ1,2 = 2γ
2
1,2/tB
is related to the system-bath couping [see Eq. 10]. Current is
measured in units of ω0 and all energy variables are measured
in units of ~ω0.
(v) The ELQME approach cannot directly give the cur-
rent inside the system. The predictions for the occupa-
tion number are the same as those from the perturbative
solution of Eq. 22a.
We emphasize that all the approaches that we discuss
are based on the same starting microscopic model of sys-
tem and baths, given by Eqs. 9, which lead to the bath
spectral function Eq. 10.
For the bosonic case, the steady state results for cur-
rent and occupation number are shown in Fig. (2), and
results from time-dynamics in Fig. (3,4). For the time
dynamics, for the results presented here, the initial con-
dition corresponds to no particles inside the system and
baths in equilibrium at different µ and T . But we have
tested with other initial conditions like a finite number of
particles in the system and random initial values of the
correlation functions. Our following observations are true
for such generic initial conditions for the system. For the
fermionic case, the results for the steady state current as
a function of voltage difference and of the intra-system
coupling g, are shown in Fig. (5). In all cases, the system-
bath coupling is chosen to be asymmetric, i.e, γ1 6= γ2.
Our most important observation is that RQME results
obtained from the solution of Eq. 8 agree very well with
exact results from QLE and numerics, for all values of g
for steady state, as well as for long time dynamics. The
LLQME agrees well for g < ε as expected. In Fig. (3),
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FIG. 3: (color online) Bosonic model - thermalization: we
show the time evolution of occupation of the lower energy
mode Aˆ1, corresponding to energy ω1 = ω0−g, in equilibrium
for the 2 site boson problem, starting from an empty system,
for g = 0.45. The steady state (horizontal line) corresponds to
the value of bose distribution n(ω1) = [e
β(ω1−µ) − 1]−1 with
the equilibrium bath temperatures and chemical potentials.
LLQME does not show thermalization because it is not valid
for g > ε, while exact numerical results, RQME results and
the perturbation result [Eqs. 22a] match and show thermal-
ization. All parameters not explicitly specified are same as
Fig. (2). Current is measured in units of ω0 and all energy
variables are measured in units of ~ω0. Time is measured in
units of ω−10 .
we show that the system indeed thermalizes in equilib-
rium, and this is perfectly captured by RQME, and not
by LLQME since it is invalid for g > ε. For g  ε2tB , our
analytical closed form perturbation results match quite
well with the exact results, showing correct approach to
steady state and thermalization. Therefore, we conclude
that RQME gives the correct physics under Born-Markov
approximation.
Apart from validating the RQME description, we also
observe interesting physical trends. The boson problem
may be realised in bosonic cold atom experiments or in
optical cavity experiments with suitable choice of param-
eters and spectral functions. We see in Fig. 2 that steady
state properties have markedly different behaviour de-
pending on whether g < ε or g > ε. For g < ε, the
current increases rapidly, but after that there is a slow
increase in current. Also, for g < ε the occupation of the
left cavity becomes minimum when g ' ε. However, be-
yond this point, the occupation of the left cavity increases
slowly with increase in tunnelling probability g. These
trends may be experimentally observed. However, these
trends depend on the choice of the bath spectral function
J`(ω). For example, for optical cavity experiments, the
commonly used Ohmic dissipation J`(ω) ∝ ω will give
slow decrease of current with g for g > ε, still showing
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FIG. 4: (color online) Bosonic model - non-equilibrium time
dynamics: we show the time evolution of (a) particle current
(b) occupation number of left site for the 2 site boson prob-
lem, starting from an empty system, for g = 0.45. RQME
results show good agreement with exact numerics. Since
g > ε, LLQME does not match, while the perturbation result
[Eqs. (22a,22b)] matches with the RQME. The horizontal line
shows the exact steady state result obtained from QLE. All
parameters not explicitly specified are same as Fig. (2). Cur-
rent is measured in units of ω0 and all energy variables are
measured in units of ~ω0. Time is measured in units of ω−10 .
a markedly different behaviour from g < ε case. Here
we microscopically derived J`(ω) assuming a microscopic
model of the bath.
The fermionic system of two-sites may be experimen-
tally realized in non-interacting quantum dots or in
fermionic cold atom experiments. The current versus
voltage plot of the fermionic system shows effect of con-
ductance quantization, which is observed experimentally
[13]. The current versus hopping g plot shows suppres-
sion of current after a value of g. These observations can
be explained as follows. The two site system has two
eigen-energy levels of energy ω0 − g and ω0 + g respec-
tively. In Fig. 5, the right bath is held at zero chemical
potential while the chemical potential of the left bath,
µ1, is varied. When µ1  ω0 − g, no fermion from the
left bath has the energy to enter the system. So there is
no flow of current. When ω0 − g  µ1  ω0 + g, the
fermions can hop through the system via the lower energy
level. So a finite current flows through the system. When
µ1  ω0 + g, fermion transport through system can oc-
cur through both energy levels. Since all system levels
are now participating in transport, increasing µ1 beyond
this point does not affect current any more. For similar
reason, suppression of current occurs when g  µ1 − ω0
in current versus g plot. These observations can be easily
obtained for larger systems also.
The NESS for the fermionic problem has been solved
8−4 −3 −2 −1 0 1 2 3 4
V
−1
1
3
5
7
I
×10−3 (a)
RQME
QLE
LLQME
Perturbation
0.0 0.1 0.2 0.3 0.4 0.5
g
0
2
4
6
8
I
×10−3 (b)
g = 0.3
ω0 = 1, ε = 0.1, µ2 = 0,
β1 = β2 = 30,
Γ1 = 1, Γ2 = 4, tB = 1
V = 1.3
FIG. 5: (color online) Fermionic model - steady state properties:
the plot shows (a) particle current vs voltage (b) particle current
vs inter-site hopping in the 2 site fermion problem. The vertical
lines correspond to positions where potential difference V = µ1 −
µ2 = ωα, where ωα are the system energy levels. RQME shows
near perfect agreement with exact results from QLE for all values
of g, while LLQME and perturbation results [Eqs. 23a,23b] are
valid in their respective limits. The graphs demonstrate the effect
of conductance quantisation at low temperatures. The parameter
Γ1,2 = 2γ21,2/tB . Current is measured in units of ω0 and all energy
variables are measured in units of ~ω0.
earlier by a RQME method, but in the limit of negligible
Fock space coherences [37], which give the results identi-
cal to g  ε2tB results Eqs. 23a,23b. However, their [37]
method of solution cannot easily be generalized to treat
the bosonic version of the problem.
One important issue with the Redfield operator is that
it is not completely positive. In a recent work [41], it has
been shown to lead to negative entropy production in a
specific system. In this manuscript we find RQME to
be giving the correct Born-Markov approximated results
for correlation functions (closely related to physical ob-
servables), both equlibrium and time dynamics. But the
situation regarding non-positivity of Redfield operator is
not completely clear and requires further investigation.
IV. CONCLUSIONS
Quantum master equations derived under Born-
Markov approximation are widely used to describe open
quantum systems. But the validity of such approximate
QMEs have not been, to our knowledge, rigoursously
checked before. In this work, by studying a simple sys-
tem of non-interacting bosons/fermions and comparing
results from microscopically derived Redfield QME under
Born-Markov approximation with exact results, we show
that the Redfield QME indeed gives very accurate results
in a wide parameter range. Moreover, we observe that,
rotating wave/secular approximation that are often done
to reduce the Redfield QME to the eigenbasis Lindblad
form is inappropriate in a non-equilibrium setting. On
the other hand, the small hopping approximation that is
often employed to reduce Redfield QME to local Lind-
blad form is very restrictive for non-interacting particles.
These observations are consistent with previous results
[27–29]. So one is required to work with the full Red-
field QME to obtain correct physics in a non-equilibrium
system of non-interacting bosons/fermions.
One of the reasons a Redfield equation is often reduced
to the Lindblad form is easy numerical treatment. The
Redfield equation is in general much more difficult to
solve than the Lindblad equations. However, for the case
of non-interacting bosons/fermions in an arbitrary lattice
in any dimension, here, we presented a complete set of
linear differential equations (Eq. 8) for two-point corre-
lation functions which can be easily solved numerically.
Eq. 8, therefore, gives a numerical way to directly calcu-
late time-dynamics of out-of-equilibrium two-point corre-
lation functions in an arbitrary system of non-interacting
particles in a lattice. Various physical observables can be
directly calculated from such correlation functions.
For a two site system we derived closed form analytical
expressions for out-of-equilibrium time dynamics of two-
point correlation functions (Eqs. 21,22a, 22b). These an-
alytical results explicitly show that the correlation func-
tions approach a steady state value independent of initial
conditions, and these steady state values give expected
thermalization in equilibrium. They also match with nu-
merically obtained exact results from other methods in-
dependent of any approximate master equation, thereby
validating the Redfield approach. Various physical quati-
ties like site-occupation and current calculated from the
correlation functions show interesting experimentally ob-
servable trends which are seen in parameter regimes be-
yond the regime of validity of Lindblad methods. These
trends may be seen in experiments with cavity QED, cold
atom, quantum dots etc. Needless to mention, recent
cutting-edge technologies available can be exploited to
engineer Hamiltonian and reservoirs such that the dis-
crepancy between Lindblad methods and exact results
can be made visible.
The non-positivity of the Redfield operator remains an
important issue and needs further work. However, this
does not seem to be a problem in reproducing correct
physical steady-state properties as well as correct long
time dynamics in our system.
We re-emphasize that the main conclusion from our
present work is that it is indeed justified to adopt the
RQME in order to go beyond the limitations of the
Lindblad methods. Future work involves RQME with
similar rigorous treatment of reser- voirs for open quan-
tum non-linear (interacting) systems where exact meth-
ods are not available, for e.g., JaynesCummings, spin-
boson, open XY spin chains, Dicke type models [6, 52–
61]). Such a RQME approach could unravel interesting
out-of-equilibrium many body phenomena that may be
9missed by conventional Lindblad-type approaches.
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V. APPENDIX
Derivation of Redfield QME: Here, we briefly outline
the steps involved in obtaining our QME Eq. 7 from
Eq. 4. We first go to the eigenbasis of the system through
the transformation: aˆ` =
∑N
α=1 c`αAˆα. Then to use
Eq. 4, we need to go to the interaction picture repre-
sentation, aˆI` =
∑N
p=1 c`αAˆpe
−iωαt, Bˆ`Ir (t) = Bˆ
`
re
−iΩ`rt.
Next, substituting into Eq. 4 and using the bath correla-
tions Eq. 2 and bath spectral functions Eq. 3, and going
back to Schroedinger picture we obtain :
ρ˙(t) = i[ρ, HˆS ]− ε2
N∑
α,ν,`=1
c∗`αc`ν
∫ Ω`max
Ω`min
dω
2pi
[{
[ρ(t)Aˆν , Aˆ
†
α]
+ [Aˆ†α, Aˆνρ(t)]e
β`(ω−µ`)
}
J`(ω)n`(ω)
∫ t
0
dτei(ω−ων)τ
]
+ h.c.
(26)
where Ω`min,Ω
`
max are the minimum and the maximum
energy levels of the bath coupled to the `th site. Now,
assuming t τB , where τB is the relaxation time scale of
the bath, we replace the upper limit of the time integral
in the above equation by t → ∞ to obtain our QME
Eq. 7. Even though this assumption is guaranteed to give
the correct steady state, an estimate of τB is required to
ensure validity of the transient dynamics from our QME.
τB , of course, depends on the model of bath.
A bath model in wide-band limit: The model of bath
enters the calculation through the bath spectral function
J`(ω) = 2pi
∑
r | κ`r |2 δ(ω −Ω`r). Note that since in our
derivation of RQME, the system couples to the eigen-
modes of the baths, κ`r are proportional to the eigen-
functions of the bath Hamiltonian. Because of infinite
degrees of freedom, the energy spectrum of the bath can
be considered continuous. For our case of the Hamilto-
nian in Eq. 9, bath eigen-energies are Ω(q`) = −2tB cos q`
and κ(q`) = γ`
√
2
pi sin q`, with 0 ≤ q` ≤ pi. Thus,
J`(ω) =4γ`
∫ pi
0
dq` sin
2 q` δ(ω + 2tB cos q`)
=
2γ2`
tB
√
1− ω
2
4t2B
(27)
We also need to the following result P ∫ dω′J`(ω′)2pi(ω′−ω) =
−γ2`ω
2t2B
to calculate f∆αν(ω) [in Eq. 8]. F
∆
αν(ω) cannot be
written in a simple closed form and is calculated numeri-
cally. The functions fαν(ω), Fαν(ω) can be written down
in matrix form as :
f(ω) =
1
4
[
J1(ω) + J2(ω) J1(ω)− J2(ω)
J1(ω)− J2(ω) J1(ω) + J2(ω)
]
(28)
F (ω) =
1
4
[
J1(ω)n1(ω) + J2(ω)n2(ω) J1(ω)n1(ω)− J2(ω)n2(ω)
J1(ω)n1(ω)− J2(ω)n2(ω) J1(ω)n1(ω) + J2(ω)n2(ω)
]
(29)
Estimate of τB: Now, for this bath model we estimate
τB . Looking at Eq. (26), we find integrals of the type
I1(ων , t) =
∫ t
0
dτe−iωντI2(τ) with I2(τ) given by :
I2(τ) =
∫ Ω`max
Ω`min
dω
2pi
J`(ω)n`(ω)e
iωτ (30)
The time τ
(`)
B at which I2(τ) decays is the relaxation time
of the `th bath. If the bandwidth of the bath is large
enough, I2(τ) is like a Fourier transform of J`(ω)n`(ω),
and hence the τ
(`)
B depends on the spread of J`(ω)n`(ω).
At low temperatures the spread will be ∼ 1/β`. Hence
τ
(`)
B ∼ β`.
As mentioned in the manuscript, the transient dynam-
ics from our QME is valid only if the system relaxation
time is much greater than τB . From Eq. 22a,22b, we see
that system relaxation time is ∼ 1ε2fαα(ωα) . Thus, for
validity of our transient dynamics,
τB  1
ε2fαα(ωα)
∀ α ∈ 1, 2, .., N (31)
For our 2-site case, fαα(ωα) ∼ t−1B . Thus, the condi-
tion for validity of transient dynamics for the 2-site case
becomes,
β`  tB
ε2
∀ ` = 1, 2 (32)
This condition is clearly satisfied by our choice of param-
eters.
Problem with ELQME: In the ELQME, problems arise
in the definitions of NESS current. For our Hamiltonian
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Eq. 9, current can be derived from the following equa-
tions :
d〈aˆ†1aˆ1〉
dt
= IB(1)→1 − I1→2 (33)
d〈aˆ†1aˆ1 + aˆ†2aˆ2〉
dt
= IB(1)→1 − I2→B(2) (34)
where IB(1)→1 is the current between left bath and
left system site, I1→2 is the current between left and
right system sites and I2→B(2) is the current between
right site and right bath. Note that the expression for
I1→2 is same from all three approaches RQME, LLQME,
ELQME because it comes from the non-dissipative part
of the QME. On the other hand, depending on whether
the approach is RQME or LLQME or ELQME, the ex-
pressions for IB(1)→1 and I2→B(2) are different as they
come from the dissipative part. In NESS all three cur-
rents defined above are equal. This is true for RQME
and LLQME. But ELQME gives I1→2 = 0 even in NESS
while giving an non-zero current for IB(1)→1. In fact,
Eq. 33, from ELQME, becomes of the form
d<aˆ†1aˆ1>
dt =
IB(1)→1−I1→B(2) , where a fictitious I1→B(2) current from
left site to right bath appears which is completely un-
physical as there is no direct connection between left site
and right bath. However, if Eq. 34 is used, then ELQME
gives the same result as obtained from the RQME in the
limit g  (ε2/tB). This is because IB(1)→1 obtained from
Eq. 34 depends only on N1, N2 which are correctly given
by ELQME when g  (ε2/tB). Thus, though ELQME
is not physically self consistent, this trick can be used to
obtain the correct current in our setup, as done in vari-
ous places [18, 28]. However, this trick will not work in
cases with different geometries. For example, if two sites
of a ring are connected to two different baths, ELQME
will not be able to give current flowing in the two arms.
The Gibbs state: In equlibrium, the Gibbs state
is defined as ρGibbs =
e−β(HˆS−µNˆS)
Tr(e−β(HˆS−µNˆS))
where NˆS =∑N
α=1 Aˆ
†
αAˆα. Note that, contrary to as often reported
in literature, the Gibbs state is not a stationary state of
the our RQME (Eq. 7) in equilibrium. This is because
we do not neglect the principal value terms f∆αν(ω) and
F∆αν(ω) as is often done (For example, [35, 37]). We find
no reason to neglect them as the terms are neither small,
nor do they contribute to only shifting the system en-
ergy levels by a constant amount. For g  (ε2/tB), the
equilibrium steady state, which can be computed from
the two point correlation functions, has O(ε2) corrections
over the Gibbs state. So, in this case, RQME gives the
correct thermalization in the following sense :
lim
ε→0
lim
t→∞ ρ(t) = ρGibbs, ∀ β1 = β2 = β, µ1 = µ2 = µ
(35)
where the order of limits in important. ELQME, on the
other hand, has the Gibbs state as its stationary state in
equilibrium.
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